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If k is a perfect field of characteristic p # 0 and k(x) is the rational function 
field over k, it is possible to construct cyclic extensions K, over k(x) such that 
[K : k(x)] = pn using the concept of Witt vectors. This is accomplished in the 
following way; if & , pa ,..., &] is a Witt vector over k(x) = K,, , then the Witt 
equation 5” - 9 = /3 generates a tower of extensions through Ki = Kr-,(jJ 
where 3 = [jl , ya ,..., +,]. In this paper, it is shown that there exists an alternate 
method of generating this tower which lends itself better for further constructions 
in K, . This alternate generation has the form Ki = Ki-&Q); yip - y, = B, , 
where, as a divisor in K,-, , Bi has the form (B,) = q/I’@:j . In this form q is prime 
to np$ and each X, is positive and prime to p. As an application of this, the al- 
ternate generation is used to construct a lower-triangular form of the Hasse-Witt 
matrix of such a field K, over an algebraically closed field of constants. 
1. INTRODUCTION 
The arithmetic properties of cyclic extensions of the rational function field 
have been studied since the 1920s. Hasse [2] has given detailed information 
about Kummer extensions and about Artin-Schreier extensions of an 
arbitrary function field. Schmid in [5] and [6] was able to give a constructive 
generation of cyclic extensions of an arbitrary such that the degree of the 
extension is a power of the characteristic. The introduction of Witt vectors 
greatly simplified the original work, and Schmid was able to obtain much 
arithmetic information directly from the Witt vector generating a field. The 
Witt vector generation, however, does not lend itself well to further con- 
structions within the extension since the equations one obtains from the 
Witt vector are not in the standard form prescribed by Hasse in [2]. In this 
paper we will show the existence of a standard form generation for any 
generalized Artin-Schreier extension of the rational function field which 
may be implicitly determined from the Witt vector. As an application of this 
standard form generation, the methods of Sullivan [8] are used to construct 
a lower triangular form of the Hasse-Witt matrix of any generalized Artin- 
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THEOREM 1. Let k be an algebraically closed$eId of characteristic p. If K, 
is a cyclic, geometric extension of the rational function field k(x) with degree 
[K, : k(x)] = pn such that the prime divisors of k(x) which ramifv in K,, are 
PO Y Pl **a P,,, with ramljication indices pn, pel, pi,..., pem, respectively, then the 
rank of the Hasse- Witt matrix of K,, is 
5 (p” - p”-“‘). 
i=l 
2. THE STANDARD FORM GENERATION 
Let k be a perfect field of characteristicp > 0, and let k(x) be the rational 
function field over k. If KI is a normal extension of k(x) in which k is 
algebraically closed and such that [KI : k(x)] = p, then KI can be expressed 
in the following way: 
& = k(xt Y), where Y? - ~1 = PI ; P, E k(x). 
Furthermore, using the partial fraction decomposition of fil to adjust the 
function y1 , one may assume that /I1 is in standard form for all the primes 
of k(x); that is, /I1 satisfies the following conditions: 
where (a) pi(x) are prime polynomials of k(x), 
(b) yi are positive integers relatively prime to p, 
(c) q(x) is relatively prime to the denominator, and 
(d) deg /?I = deg q(x) - deg(n pi(x>y,) is either negative, zero, or 
relatively prime to p. 
Hasse [2] has given much information about the arithmetic of such 
extensions. The primes of k(x) that ramify in KI are exactly the pi(X) and the 
infinite prime (the prime divisor associated with the degree map) provided 
deg p1 > 0. Further the differential exponent of the prime of KI lying over 
pi(x) is 
(P - I)(Yi + 0 
If KI is a normal geometric extension of an arbitrary function field K. of 
degree equal to the characteristic, the same generation is possible 
Kl = K,(YI), where 
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In this case, however, /3r cannot always be written in standard form for all 
the primes of K,, . A particular prime p of KO can be studied by placing p1 
in a localized standard form such that the divisor of fll is 
where q is prime to p, and y is an integer positive, zero or relatively prime 
top. That such a form exists follows by a simple application of the Riemann- 
Roth theorem. In this case p is ramified if and only if y is negative: the 
differential exponent of the prime in K1 above p is 
(P - 1)(--Y + 1). 
The object of this paper is to study cyclic geometric extensions of k(x) 
which have degree equal to a power of the characteristic. Schmid [5] and [6] 
gave constructive generations of these generalized Artin-Schreier extensions 
by considering the unique tower of subextensions each of which is of degree p 
over the previous subextension. Given a Witt vector fl = [/$ , & ... pn] 
over k(x), a cyclic extension K, of degree [K, : k(x)] = p” is generated by 
the vector equation (in the Witt sense) 
where 7 = ( 7, , j& 1.. JJ and Kj = K,J JJ. The equations obtained in this 
manner will not in general be in standard form for all primes. In this section 
we will show the existence of an alternate system of equations which generate 
Kj over Kjp, in which each equation is in standard form for all the primes of 
Kj-1 . 
If K, is a cyclic geometric extension of k(x) of degree p”, where p is the 
characteristic, then there is a unique tower of intermediate fields: 
k(x) = K,CK,-.-CK,p,CK,, 
such that [K$+, : KJ = p. Let m + 1 be the number of primes of k(x) which 
ramify in K, ; the prime divisors in the various fields will be denoted by 
p(i,j, I), where: 
(a) The index i will be an integer less than or equal to m; when i is 
positive or zero, the prime lies over the corresponding prime of k(x) which 
ramifies in K, ; when i is negative, it lies over an unramified prime in k(x). 
(b) The index j will denote the field Kj in which the prime divisor is 
defined. 
(c) The index I will be used to distinguish different primes of Ki which 
lie over the same prime of k(x); this index will be dropped when it is 
redundant. 
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The valuation corresponding to the prime p(i, j, l) acting on the element 
z E Kj will be denoted by o(i, j, 1, z). Finally, let p”’ be the ramification index 
of p(i, n, t) over k(x). 
The Witt generation (1) of K, when evaluated explicitly gives the following 
system of equations [5]: 
Kj = Kj-Jyj); Jj’ - yj = Zj-1 + pj , (2) 
where zjwl is an element of Kj-l explicitly given in terms of & with u < j 
(z,, = 0) and is, indeed, an integral combination of these py’s. Now since K, is 
the rational function field we may assume that each ,!Ij is in standard form for 
all the primes of K,, . While (zjP1 + /?J will not be in standard form for all 
the primes of KjP1 , the only primes which appear in the denominator of 
(zip1 + pi) are those which ramify in Ki . Those primes of Kjel which do not 
lie over primes of KO that ramify in KjW1 do not appear in the denominator of 
z~-~ . Thus (z~-~ + /$) is in standard form for all the primes of Kjel except 
possibly those which lie over primes in K,, which ramify in KjP1 . That is, 
the equation 
Jj” - Jj = Zj-1 + flj 
is in standard form for all the primes of KjP1 except possibly those which 
appear in the different of the extension Kjel over K, 
6(Kj-, : K,). 
Next define the following terms; 
y&j) = -46 0, PA if v(i, 0, &) < 0; 
= 0, if u(i, 0, j$) 
(3) 
3 0; 
M(Cj) = g;; {Pj-“r(c 4. 
Schmid [6] used these terms to calculate the differential exponent of a prime 
of K, which is completely ramified over K, . This can be easily modified 
to cover any ramified prime by looking at K, as an extension of the inertia 
field of the prime: 
PROPOSITION 1. The contribution to the dierent S(K, : K,,) of the prime 
p(i, n, I) for any I is that prime raised to the power: 
(p - 1) f [M(i, v + n - ei) + l] p”-l. 
"=l 
While Eqs. (2) may not be in standard form for the prime p(i, j - 1, I), 
ARTIN-SCHREIER EXTENSIONS 307 
it is possible to change the jth equation into the local form described earlier 
in this section. That is, there exists a a;j E K,-r such that 
Kj = Kj-l(?j); yip - jT; = 8, ( 
where C%j written as a divisor has the form 
(Bj) = qp(i,j - I, Z)-A'i3jJ, 
with X(i,j) negative, zero, or prime to p. When this exponent is positive, the 
prime p(i,j - 1, I) is unramified in Kj , and so we will let h(i,,j) = 0 in this 
case: thus A(& j) will be either zero or positive and relatively prime to p. 
Notice that, since the exponent of p(i,j, I) in 8(Kj : Kj-1) is 
which must be independent of I (K, is normal over K,), X(i, j) is itself inde- 
pendent of I. These X(i, j)‘s are well defiend, but are not constructable using 
the definition. They can, however, be evaluated from the Witt vector in terms 
of the M(i,,j)‘s. This is done by evaluating the different in terms of the X(i,,j)‘s 
and comparing this to Proposition 1. We now state: 
PROPOSITION 2. The exponent of the prime p(i, n, 1) in the diferent 
6(K, : K,) is 
(p - 1) 2 [X(i, v + n - ei) + l] py’ L’ 
r,=l 
= (p - 1) i h(i, ~)p+” + (P’l - 1). 
“=l 
Now the connection between the M(i,j)‘s and the h(i,,j)‘s is given by: 
LEMMA 1. (a) xz=, p”-*x(i, V) = x,“=, ~*+~i-~-l M(i, Y); 
(b) h(i, n) = p+lM(i, n) - (p - 1) Cfzipu+ei-n-lM(j, v). 
Proof. Part (a) follows directly from the two propositions with a simpli- 
fication made using the fact that v < ei - 1 implies X(i, v) = M(i, v) = 0. 
To prove part (b) consider the relationship of part (a) for the field K,-, . 
In this field the ramification index of the prime in question is pet-*; thus, 
n-1 n-1 
CP 
npl--!'h(j, v) = C pv+'i-QelM(j, v). 
v=* v=l 
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Therefore, 
n-1 n-1 
qj, n) = pe"-'M(j, n) + c p"+ei-n-lM(i, v) - c pn-l-"A(i, v) 
v=l I=1 
gives the result by providing the inductive step. 




h(i, n) 3 p(p - 1) c p"-l-"h(i, v). 
!J=l 
Proof. Using parts (a) and (b) of Lemma 1, we may restate Lemma 2 
in terms of the M(i,j)‘s; 
n-1 
pei-‘M(i, n) > (p” - 1) C p”+‘+-‘M(i, v). 
t-1 
This is in turn equivalent to 
(4) 
This can be proved by induction on n. When n = 2, either M(i, 1) = 0 or 
ei = 2. In the first case the statement is trivial; in the second, it follows 
directly from the definition (3) that 
M(i, 2) 3 pM(i, 1). 
Assume that the inequality (4) holds for the field Knpl ; that is, assume 
12-l n-2 
CP 
v+ei-"-'M(j, v) > p2 C pv+Pi-n-lM(j, v). 
"=I v-1 
(Recall that the ramification index changes.) Now using the definition (3) 
we see that 
P ei-lM(i, n) 3 p2 .p+‘M(i, n - 1). (6) 
Thus inequality (4) follows simply by adding (5) and (6). This completes the 
proof of the lemma. 
We can now state the main result of this paper: 
THEOREM 2. If K, is a generalized Artin-Schreier extension of k(x), then 
K, can be generated through the (unique) tower ofjields given by 
Kj = Kj-l(yj); yi” - yj = Bj , 
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where Bj E Kj-1 is in standard form for all the primes of Kjel ; that is, Bj 
written as a divisor has the form 
where q is relatively prime to the denominator and h(i,,j) is either zero or 
positive and prime to p. 
Proof. The proof is by induction on n; when n = 1, the result follows 
by taking B, = & . 
Assume that any cyclic extension K, over k(x) of degreep” can be generated 
as stated in the theorem. Let K,+l be a generalized Artin-Schreier extension 
of k(x) generated by the Witt vector [& ,..., &+,I. The unique subextension 
K, of K,+l such that [K, : k(x)] = p” can be generated in two ways: 
and 
Kj = Kj-l(y,); ygD -Jj = Zj-1 + pj - 
Kj = Kj-l(yj); yj”-yj = Bj. (7) 
Further, the field K,+l considered as an extension of K, is generated by the 
equation 
K - UYn+,k nt-1 - X+1 - Yn+l = Zn + A+I > (8) 
which is in standard form for all the primes of K, except possibly those 
primes in S(K, : K,). In this proof we will use the notation set earlier in this 
section. 
We will now show that, given any generating equation of the extension 
K,+l over K, in the form 
which is in standard form for all the primes of K, except possibly those in the 
different 6(K, : K,,) we can produce an alternate generating equation, 
A,?2 “,D 
Yn+1 - Yn+1 = A?“, 
such that the denominator of S?’ is a proper divisor of the denominator of 9. 
This process can be repeated until an equation is found which is in standard 
form for all the primes of K,, . 
To this end consider the divisor of K, given by: 
a = n p(i, n, l)di(P-l), 
i.2 
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where 
di = 2 p+jh(i, j). 
j=l 
Let I(a-l) denote the dimension of the k-vector space 
L(a-l) = (2 f K, 1 a-l divides (Z)}. 
Vector spaces of this type play an important part in the study of algebraic 
function fields [l, p. 201. It is possible to use the inductive generation of K, 
and the following lemma to explicitly calculate I(a-l): 
LEMMA 3. If yj” - yi = Bi , j = 1,2 ,..., n, for a system of equations in 
standard form which generate the cyclic extension K, over K,, , then the cross 
product basis 
i Y?Y,” *.. yz I 0 < a, < p, 1 < v ,< n} 
has the following property: For any z E K, written in terms of this basis. as 
z = C r,(x) yp ... yz”; 
andfor any prime p(i, 0) ramified in K, or not, 
where p(i, n, I,) is the prime at which the minimum occurs. 
The proof of this lemma follows by induction using the following straight- 
forward generalization of Lemma 2 in [3]. The proof of this generalization is 
virtually the same proof used in [3]. We then have: 
PROPOSITION 3. Zf Z is a simple Artin-Schreier extension of K generated 
by the equation 
yP-y=B, 
which is in standard form for all the primes of K, then for any z E Z written as 
D-1 
z = 1 rVy” 
“=O 
andfor any prime ‘$I of K, 
where pa is the prime at which the minimum occurs. 
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A consequence of Lemma 3 is that, for the particular divisor a that we are 
dealing with (indeed, for any divisor invariant under the action of the Galois 
group), the vector space L(a-l) can be written as a direct sum of subspaces 
in the following way: 
L(a-‘) = @ [L(a-I) n (ypy.:’ ... Q) k(x)], 
where ( yFly,aZ *a* J$) k(x) denotes the l-dimensional k(x) vector space 
generated by the basis element. Thus to evaluate /(a-l) it is sufficient to 
calculate each 
dim,[l(a-l) n ($I ..’ ~2) k(x)]. 
First consider L(a-l) n k(x); this is the set of all rational functions whose 
denominator (as a divisor) divides a. Thus, 
4(x)/n pi(xP s Ua-’ ) 
implies that each prime pi(x) ramifies in K, and that 
SjP’!i < dj(P - 1). 
(The reader is cautioned that certain notational liberties are taken when the 
infinite prime of k(x) ramifies; however, if one allows pi(x) = l/x to serve 
as a polynomial prime, the proof remains valid.) By the elementary theorem of 
partial fraction decomposition, it is easily seen that a k-basis of this subspace 
is given by 
where [I (y. I] denotes the greatest integer less than or equal to 01. Thus, we 
have 
dim,[l(a-l) n k(x)] = 1 f f [I “(;- ‘) 11 deg ~4.4. 
i=O 
Next, to find the dimension of 
we use the fact that each Eq. (7) is in standard form for all primes; thus, 
for some I, 
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We may then conclude that for all I, 
O(iy 72, ly yj) > h(iy j) p”-j (9) 
with equality holding for at least one I1 . Again using the theorem of partial 
fraction decomposition, a basis of the space in question can be found: 
I 
0 < i < m; 0 < s < degp,(x); 
and 1 <<r < [ ! dc(p - 1) - Ai p”” 111 3 
where 
Ai = f  a&i, j) f-j. 
j=l 
Thus, we have 
dim,[.L(a?) n (y,“l ... yp) k(x)] r 1 + f [I “(’ -pi,T - ~4’ I] degpi(x). 
i=O 
Adding the dimensions of these summands gives 
This sum can be rearranged to eliminate the greatest integer function; 
to this end we consider the sums 
di(p - 1) - Ai 
P”” II 
for each i = 0, l,..., m. The numerators of the fractions are given by 
di(p - 1) - Ai = f  (p - 1 - Uj) h(i, j) pn-j. 
j=l 
Thus as the aj’s run through the values 0 < aj < p the terms (p - 1 - ai) 
take on these values also. We may write 
Now, let {I cy I> denote the fractional part of ol; then 
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This sum is evaluated in two parts; first, 
= +- $ h(i,.i) p-j [ C aj) 
,=l Oqzj<P , 
= & $ h(i,J)p"-i (pnel z a] = kp"--"i(p - I) di . 
1 1 
Next, to evaluate the sum of the fractional parts, we note that 1 <.j < 
n - ej implies X(i, j) = 0, and further we note that, as j runs through 
n - ei + 1 to n and aj runs through 0 top - 1, the sums Ai form a complete 
residue system mod pei, since in that case h(i,,j) is prime to p. We have 
Thus, we have shown 
Si = &p"-'"(p _ 1) di - Jp"P"~(p“' - 1). 
Now, returning to /(a-l) we see by (10) that 
f(a-l) = p” + f S, deg P,(X) 
i=O 
= p” + 4 f [(p - 1) dj - (p”l - I)] p”-‘6 deg pi(x). 
i=O 
It is useful to write this in terms of the primes of K, : thus, 
f(a--I) = p” + $ 1 [(p - 1) di - (p’” - 1)] degKn p(i, n, I). (11) 
“$p; 
Through the Hurwitz genus formula, it is possible to also give the genus 
in term of the primes of K,: 
g = 1 - pn + + deg S(K, ; k(x)) 
= 1 -ppn + 4 1 [(p- I)d, -t (p’” - I)] deg,% p(i, n, 0, (12) 
“G$f;” 
using the differential exponent given in Proposition 2. 
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We are now ready to apply formulas (11) and (12). Let X be the k-space of 
repartitions of K, ([ 1, p. 251) and let X(a-l) be the subspace of repartitions 
which are divisible by a-l; A(a-‘) will denote the k-dimension of the factor 
space 
X/X(a-I) + K, . 
This leads to the well-known formula: 
h(a-l) = /(a-l) - deg(a) + g - 1. 
We may now use Eqs. (11) and (12) to evaluate A(a-l); and one can easily 
see that 
X(a-l) = 0. 
We state this fact in the form of 
LEMMA 4. If a is the divisor of K, given by 




di = f h(i, ,j) p’-‘, 
j=l 
then the space of repartitions can be written as 
X = X(a-l) + K. 
And consequently for any divisor a* divisible by a it is also true that 
X = X(a*-I) + K. 
We are now prepared to complete the proof of Theorem 2. Consider any 
Artin-Schreier equation 
ji” - j? = $9, (13) 
which generates K,,, over K,, , such that only those primes that ramify 
occur in the denominator of 9’. Further assume that those primes of K, 
which have not ramified in the extension K,Jk(x) but which do ramify in K,,, 
are in standard form. Notice that Eq. (8) is in this form. 
Let 
ARTIN-SCHREIER EXTENSIONS 315 
then p(i, /) > X(i, n + I), where X(i, n + 1) is determined through Lemma 1. 
Equality holds here if and only if p(i, I) is relatively prime to p since the 
exponent in a standard form generation is unique; otherwise, the techniques 
used to obtain a localized standard form only reduce the exponent in the 
denominator. Thus if, p(i, I) is not prime to p, it must be greater than 
h(i, n -t I), the standard form exponent. 
We now define the following divisor of K,: 
where 
a* = ,<-& P(i, n, w(i*r), 
., 
/-4, 0 = $ p(L 0, 
= (p - 1) df , 
We know by Lemma 2 that 
if p divides p(i, I), 
otherwise. 
thus in either case 
qi, n + 1) >, p(p - 1) d, : 
In other words a divides a*, and we may apply Lemma 4; 
X = X(a*-l) + K, . 
In particular consider the repartition x given by 
%(P> = -wi.2 3 if p = p(i, n, I) and p divides p(i, I), 
= 0, otherwise, 
where w~,~ is any solution to the congruence 
wi”l s 3’ mod p(i, n, I)po(i,r), 
(14) 
which always exists since k is perfect. By (14) we see that there is an element w  
in K, such that 
(co) - x E qa*-1). 
That is: 
(i) w  = -w~,~ mod p(i, n, Z)-a(i*z)lP, if p divides p(i, I); 
(ii) w  = 0 mod p(i, n, I)--(p--lJdf, if p does not divide p(i, 1); 
in) w  is integral at all other primes, (all the primes unramified in 
K,k&. 
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Now Eq. (13) can be modified through the change of variable 
9’ = 3 + w. 
This new function satisfies the equation, 
Y *‘P - 5’ = g  + &J - w. (15) 
We now claim that the denominator of (.4? + tip - w) is a proper divisor of 
the denominator of (9); we must look at the three cases: 
Case 1. If v(i, n, I, SY) 3 0, then p(i, n, 1) is a prime unramified in 
&+,/k(x), and therefore, 
u(i, n, 1, w) > 0. 
Thus 
u(i, n, 1, Lt.8 + cop - w) 3 0. 
Case 2. If u(i, FZ, I, 9) = A(i, n + l), this is a prime for which equation 
(13) is in standard form, i.e., p(i, I) is not divisible by p. In this case 
~(iy n, 1, W) = -(p - 1) di 3 
Thus by Lemma 1, 
v(i, n, I, 9 + f.9 - w) 3 -A(i, n + 1). 
However, since Eq. (15) generates &+i/& strict inequality cannot hold in 
this direction; we have 
v(i, n, I, 39 + up - w) = -h(i, n + 1) = u(i, n, 1, LB). 
Case 3. If v(i, n, I, a) < --h(i, n + l), then p(i, n, 1) is not in standard 
form in Eq. (13). This means p divides p(i, I) = u(i, n, 1, B), so 
w  = -ql mod p(i, n, I)--P(~,~)/P. 
Thus 
L%‘+wp- w  G 653 - cd’ z 28 - O& = 0 mod p(i, n, I)-“(ip’). 
Finally we have 
v(i, n, 1,s + d - co) > p(i, 2) = v(i, n, 1, B). 
Now we have seen that, while Eq. (15) may not be in standard form, it will 
miss this form only at those primes which were not in standard form in 
Eq. (16) and that for these primes the exponent of the denominator is smaller 
in Eq. (15) than in (16). This process can be continued until an equation is 
found which is in full standard form. This completes the proof of Theorem 2. 
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3. THE RANK OF THE HASSE-WITT MATRIX 
Let K, be a generalized Artin-Schreier extension of k(x). If the constant 
field k is algebraically closed, the field K,, has geometric as well as algebraic 
interpretations. Obviously these two aspects of K, will be intimately related. 
In this section, we will use certain geometric properties of K,, to find the rank 
of the Hasse-Witt matrix. The rank of this matrix gives, geometrically, the 
p-rank of the Jacobian variety associated with X, and arithmetically the 
p-rank of the group of divisior classes of degree zero. The methods used are 
exactly those employed by Sullivan in [8]. Sullivan constructed a representa- 
tion of the Hasse-Witt matrix for certain types of extensions of k(x) which 
have degree a power of the characteristic. He was able to do this since the 
particular fields he was dealing with possessed a generation through a tower 
of subfields with intermediate generating equations all in standard form. 
In this section we shall prove Theorem 1 as previously stated using the 
techniques of Sullivan in the general setting available through Theorem 2. 
First, for the convenience of the reader, we will state two crucial Iemmas that 
appear in Sullivan’s paper. 
PROPOSITION 3. Let K be afieId of characteristic p > 0 and let L = K(y) 
where YJ’ - y = B with y + K and B E K. Then the trace map SpLIK: L -+ K 
acts on the powers of y in the following way: 





Sp,,,(yip+j) = i p - 1 - j 
@+‘+I-P for 0 < i < p - 1, 
p--i<j<p- 1, 
-(BP-i + I) 
and (i, j) # (p - 1,~ - I), 
for (i,,j) = (p - 1,~ - 1). 
PROPOSITION 4. Let R and S be algebraic function fields in one variable 
over k such that S is a finite extension of R. Let w be a differential of S and ‘$3 a 
prime of R; let plpz 1.. pn be the distinct primes of S lying over p, then 
(4 Resp(Sps,R(wN = i Re%i(W); 
i=l 
(b) sp,/,( y(dx)d = sps,,( J’)(dX)R , 
where x is any separating variable of R and (dx)s and (dx)R are the d@erentials 
of x in the respective fields. Res,(o) is the residue of w at the prime p. 
Let K, be a generalized Artin-Schreier extension of k(x), with k algebrai- 
cally closed, generated by the Witt vector [PI , fi2 ,,,,, &]. We will continue 
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to use the notation established in Section 2. Since the extension K1 over k(x) 
is geometric, there is some prime in k(x) which ramifies in K1 . The tower of 
subfields 
is unique and thus a prime which ramifies in KI must ramify fully in K,, . 
Further this prime is of degree one and may, through a suitable change of 
variable, be assumed to be the infmite prime. In this section we will assume 
without loss of generality that K, is a geometric, cyclic extension of k(x) of 
degree pn in which the infinite prime ~(0, 0) of k(x) ramifies fully. 
By Theorem 2, there is a standard form generation of K, the form of which 
is known implicitly through Lemma 1. We will use this generation to con- 
struct a representation of the Hasse-Witt Matrix. 
LEMMA 5. A basis of the holmorphic d$erentiaIs of K, is given by the 
following dflerentials: 
Case 1. i = 1, 2 ,..., m, 
and 
1 Pi(x)-” Y,“‘Y,“’ . ..yzdxlO <ai <p, 
0 < pe”v < (p - 1) di - A, + pe” - 1) 
Case 2. i = 0, 
and 
{x"y,"'yz" .*.y:dxIO <aj <p, 
0 < pnv < (p - 1) d,, - A, - p” - 11, 
where, as before 
and 
di = f p+jh(i, j) 
j=O 
Ai = i p*-ia&i,.j). 
j=O 
ProoJ It is sufficient to show that there are g (the genus) linearly inde- 
pendent holomorphic differentials described in the lemma. A differential is 
homomorphic if it is integral at every prime. Recalling that 
(d(x)) = 6(K, : k(x)) ~(0, n)+ 
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we use Proposition 2 and Eq. (9) to find 
zfi, n, I, y,“‘y.I **. yz dx) > (p - 1) di - A, + pe’ - 1. if i # 0, 
> (p - 1) d, - Ai - pn - 1, if i = 0. 
The conditions on Y are exactly those needed to insure that the differentials 
are holomorphic. (Notice that if a, = p - 1 for allj, no v is admissible. Thus 
(p - 1) d,, - A, - 1 >, -pm in all the differentials of the lemma, and those 
differentials of Case 1 are integral at the infinite prime.) 
These differentials are k-independent by the theorem of partial fraction 
decomposition; so all that remains is to count them. 
For each i = 1,2,..., m, the conditions of the lemma give exactly 
Ti= c [I (p - 1) di - Ai + p”” - 1 O<Qj<P P”’ Il. 
For i = 0, the counting is a bit more complicated since it may happen that 
(p - I) do - A, - p” - 1 (16) 
is negative. When this is positive there are exactly 
[I 
(p 1) do -- A, - p” - 1 
II + 1 = [I (p - 1) do - A, - 1 Pn pn II 
differentials (including v = 0) of the type 
” a1 a2 
X-b Y2 ... yz ds. 
When (16) is negative there are no differentials. However, since 
-p”<(p-l)d,-AA,-ppn-1 <0 
the number of differentials, zero, can be represented by 
[I (p - 1) do - A, - 1 P” II 
except in the single instance where (p - 1) do = A, . Therefore, the number 
of differentials with i = 0 is 
(p - 1) do - A, - 1 
I] 
= 1 - p” + +[(p - 1) do - p” - 11. 
64I/IO/3-4 
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Thus the total number of differentials given in the lemma is 
i$ Ti = 1 - p” + $ p”-“‘[d<(p - 1) + Pei - ll* 
Since k is algebraically closed, every prime is of degree 1; this sum is exactly 
the genus as evaluated in Eq. (12). It is well known that the k-dimension of 
the space of holomorphic differentials is the genus, so the proof is complete. 
The next step is to produce a basis for the k-vector space of adeles of K, 
modulo the integral adeles. To this end, it is useful to describe an indexing 
set using the differentials of Lemma 5. An (n + 2)-tuple cx = (an , a,,, ,..., 
a, , i, Y) is called admissible if 
is a differential in the basis given by Lemma 5. We will use the convention 
that p,,(x) = x-l and will order these (n + 2)-tuples lexographically. 
We now state: 
LEMMA 6. A basis of the k-vector space of adeles of K, module the integral 
adeles is given by the classes defined by the following adeles: 
Case 1. i = 1, 2,..., m; 
A,(p) = y;-l-an . . . y,“-‘-“lpi(x)“-l, if p = p(i, n, f), 
= 0, otherwise, 
where 01 = (a,, a,-, *** a,, i, V) is admissible. 
Case 2. i = 0, 
A&,) = y;-+%i . . . yf-l--alpi(X)Y+l, if p = p(0, n, I) 
= 0, otherwise, 
where cy = (an, a,-, *** a1 , 0, V) is admissible. 
Proof. Serre [7] has shown that the k-vector space of holomorphic 
differentials is cannonically dual to the adeles modulo the integral adeles 
through the pairing 
<w, A) = 1 Res, 4~) w, 
where w  is a differential and A is an adele representative of the class A. It is 
then sufficient to show that the matrix M whose 01 by p entry is 
K, = <% 3 43) 
is nonsingular. 
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Let iy. = (a,~,-~ **. a, , i, V) and J3 = (a, .*. aI, i, F) be two admissible 
(n + 2)-tuples with 01 < 8. Using Propositions 4 and 5 we see that 
= C Resp(i,n,l)[y~-l+“l-d . . . yp-l+“n-Eyi(~)-” pi(x)“*1 dx], 
where the sum is taken over all I such that p(i, n, Z) is defined. By Proposition 4 
we see 
where the sum is taken over all I such that p(i, n - 1, I) is defined. Now since 
n < j3 implies an < a, we see that 
Thus by Proposition 3, 
~PKJK,,-,(Y 
P-l--e") = 0, if a, + iii, 
z -1, if a, = 5,. 
By repeating this, one sees that Ma0 = 0 whenever (a, , Q,-~ ,..., aI) + 
& > n,,, a.* &). When these are equal, MorB is equal to 
MtiB = (- 1)” Res,(,,,) pi(x)“-’ p,(x)-” dx, if iio, 
= (- 1)” Resrc,,,) pO(x)“-l P,(X)-” dx, if i # 0. 
Tf i =G i, 
pi(xy p+(x)-” 
is integral at p(i, 0), and so the residue at this prime is zero. Since i :~= 0 
implies i -= 0 (IX < j?), we can say that M,s = 0 whenever (a, ... a, , i) + 
(iin .*. a, ) i). When they are equal, we have 
M,, = (- 1)” Resppfi,O) pi(x)‘-“-’ dx, if i#O, 
= (- 1)” Res,(,,,, p,,(x)“-‘+’ dx, if i=O. 
Again if v f v’, M,, = 0, and MaB + 0 otherwise. We have shown that the 
matrix M is lower trangular with nonzero entries on the diagonal, i.e., 
nonsingular. This completes the proof of the lemma. 
The rank of these Hasse-Witt matrix [C] is the same as the rank of M[C] 
since M is nonsingular. As Manin [4] has shown, the entries of M[C] are 
given by 
(M[CJ),, = <ww , &&. 
322 DANIEL J. MADDEN 
If we take a: < /3 as before, we have 
(hf[C]),, = Resp(i,n,l)[Y~(~)-l-(in)+Q” . . . y~(9-1-q)+al~i(x)z,(P--l) pi(X)-v dX], 
where the sum is taken over all 1 such that p(i, n, I) is defined. Using 
Propositions 3 and 4 as before we must consider 
SpK,,K,_,(Y~(P-1-4)+a,) = 0, if a, # 5,) 
=-.- 1, if a, = 5,. 
Repeating this step, we see that (M[C]),, = 0 whenever (an , a,-, ,..., a,) f 
G* , G-1 **a al). When (a, *a* aI) = (an me* aI), we have 
(M[C]),, = Resp(,,,) pi(X)p’y-l)pi(x)-V dx if i # 0, 
= Res,,(,,,, p,(~)~@+l) pi(x)-” dx if i = 0. 
In the case where i = 0, since 01 < ,B, i must also be zero. Then (M[C]),, = 0 
unless 
ZI - (G + 1)p = -1. 
This cannot happen in an admissible (n + 2)-tuple. 
When i = 0, pi(x)P’y-l) pi(x)-” is integral at p(i, 0) unless i = i and, even 
then, the residue is zero unless 
AU - 1) - c = -1; 
this happen if and only if v = fi = 1. 
Summarizing, we have shown that for 01 ,< p 
if and only if a = /3 = (a,a,-, *** i, 1) with i # 0. Thus the matrix M[C] 
is lower triangular with constants on the diagonal. These constants are zero, 
except at the diagonal entries of the type 
(a,a,-, *** a, , i, 1) with i # 0. 
The rank of M[C], and thus the rank of the Hasse-Witt matrix, is greater 
than or equal to the number of admissible (n + 2)-tuples of this type. If 
a = @,a,-, a.. a,i, 1) is admissible 
1 < 5 (p - 1) a&i, j) p”-j. 
j=l 
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Since the right-hand side is the sum of nonnegative integers this is true 
unless 
,$ (p - 1) ajA(iy j) p”-’ z 0. 
SinceB < ~‘l-~i implies h(i,j) = 0, for a fixed i f 0, there are exactly 
PT’ - P+“’ 
nonzero diagonal entries. Thus, 
Rank M[C] > f (p” - P”--‘~). 
i=l 
To establish the inequality in the other direction, we recall that the rank of 
the Hasse-Witt matrix is the same as the dimension of the k-space of 
logarithmic differentials, i.e., those fixed by the Cartier operator. The matrix 
[C](p-ll of this operator is obtained from the Hasse-Witt matrix [C] by 
taking the pth root of each entry. Repeating the argument given by Sullivan 
[8], we consider each k-space V, which is spanned by the first (y. differentials 
in the basis of Lemma 5 and W, the subspace of V, in which all the elements 
are logarithmic. Because of the form of the matrix M[C] (and thus the form 
of [C] and [C](P-‘)), W, = W,-, if and only if (M[C]), # 0. Thus the 
dimension of the whole space of logarithmic differentials is greater than or 
equal to the number of ones on the diagonal of M[C]. This completes the 
proof of Theorem 1. 
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